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Abstract-A method is presented for the determination of the permanent deflection of plates subject to the
impact of projectiles moving with velocities high enough to produce plastic deformations in association with
finite deflections, The plate material is assumed to obey the Mises-Huber yield condition and its associated flow
rule for static deformations and to behave as a viscoplastic solid for dynamic deformations. elastic strains being
considered negligible. The method is illustrated by application to the case of a clamped plate struck at the center
by a projectile of negligible radius. The relevance of the solution to experimental studies of the dynamic plastic
behavior of plates is discussed.

1. INTRODUCTION

THE problem of deformation of thin metal plates impacted by a projectile moving with a
velocity sufficiently high to produce an appreciable permanent deflection is of considerable
interest from the point ofview ofboth technical application and the possibilities ofextensive
laboratory experimentation. While the former area of application is obvious, the latter
may provide a powerful method for the comparison of various theoretical predictions and
the subsequent verification of constitutive equations formulated for combined stresses,
Tests of the kind discussed here are characterized by a relative ease of performance and
interpretation.

Hitherto the problem of the motion of a plate due to the impact of a moving mass
received little attention, mainly because of difficulties involved in the solution ofthe mathe
matical problem. The properly posed boundary value problem requires consideration of
an interaction between mass and plate without assuming a priori the history of the contact
force acting on the plate. Even in the elastic range the theoretical investigations are very
fragmentary and incomplete [4,5, 11].

Consider the following physical situation, A rigid-viscoplastic circular plate of thickness
2h and outer radius R which is clamped along its circumference is struck centrally by a
rigid mass M of negligible radius moving with velocity V. Initially there is a discontinuous
velocity profile with the plate center moving at the prescribed velocity V while the remainder
of the plate is at rest. Since the speed of shear and bending waves for a rigid-viscoplastic
material is infinite any disturbance applied at the plate center r = 0 will be felt instan
taneously over the entire plate. As time proceeds the discontinuous velocity profile is
smoothed out. Each particle of the plate (except r = 0) is first accelerated and then
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decelerated while the velocity of the projectile is diminishing and at a certain instant the
entire plate is brought to rest. In the transient problem there is an interaction between
the projectile and plate in which the kinetic energy of the moving mass is dissipated into
plastic work. It was shown for impulsively loaded beams by Bodner and Symonds [13J that
if the ratio of the kinetic energy input to the maximum elastic energy is at least three then
neglecting the elastic components of the strain by assuming a rigid-plastic response is
permissible. Florence [3J has shown that this result is equally applicable to impulsively
loaded plates.

For large values of the impacting energy large deflections may be produced which are
accompanied by the elongation of the plate middle surface and development of membrane
forces. The interaction of bending moments and membrane forces and the changes in the
plate geometry result in a decrease in the permanent plate deflection. A study ofthis problem
for rigid-perfectly plastic material and Tresca yield condition has recently been presented
by Jones [6, 7J under the assumption that the plate is simply supported and loaded either
impulsively or by a rectangular pressure pulse. Comparison of Jones' theoretical solu
tion with Florence's experimental data [3] exhibited good agreement for aluminum plates
but systematic deviations for mild steel plates which may be attributed to the strain rate
effect experimentally confirmed for ductile metals with a sharp yield point.

An attempt is made in the present paper to include the strain rate effect into the analysis
of large deflections of clamped circular plates subjected to the impact of a rigid mass.
The present paper is based to a large extent on the authors' previous paper [8] concerning
the bending solution for a similar problem. An interesting conclusion drawn in that paper
was that the final central deflection of the plate was little affected by the inertia of the plate
itself and was equal in the first approximation to the deflection of a massless plate. The
dynamic response ofsuch a plate can thus be analysed by considering the deflection process
of the plate as being quasi-static. The static problem equivalent to the dynamical one is
that of a concentrated point force. Therefore reference is made here to theoretical solutions
and experimental investigations ofthe load-carrying capacity of plastic plates at moderately
large deflection [9, 1OJ. These results are used to compute the final plate deflection of the
present dynamical problem.

2. BENDING SOLUTION FOR SMALL DEFLECTION

The impact of a projectile on a viscoplastic plate was analyzed in [8] under certain
simplifying assumptions concerning the geometry of the mass-plate system, properties of
the plate material and conditions of loading. The striking mass in the form of a cylinder
with negligible radius was considered to be entirely rigid. The plate material was assumed
to be rigid-viscoplastic and the constitutive equations employed were those of Hohenemser
and Prager with the Mises-Huber yield condition. Only small deflections and bending
action of the plate were considered and in the equation of motion the transverse inertia term
was retained. To linearize the non-linear constitutive equations a hypothesis of propor
tionalloading was introduced, an idea which in a previous problem of dynamics ofcircular
plates [12J led to results which were in general agreement with both experimental data and
theoretical solutions derived from the exact equations. The problem was solved including
the time variable boundary condition at the centre of the plate where the deceleration of
the impacting mass was proportional to the shearing force Q at r = O. Within the above
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assumptions an exact solution was obtained for the plate deflection as an infinite series
of Bessel and exponential functions. This series is slowly convergent in the first, transient
stage of motion when all plate points are accelerated but is rapidly convergent in the second
stage of motion. A brief summary of the relevent portions analysis is given in the appendix
to which reference may be made for definition of the quantities which may appear in the
subsequent argument.

An approximate solution was also presented in (8], valid for a certain range of the
parameter (3 M/p,R2

• The simplifications ofthe exact solution were based on the following
arguments.

If the duration of the first stage of motion is very short so that no dissipation of energy
occurs, the energy conservation equation allows the determination of the initial velocity
Vof(r) of the mass-plate system for a certain velocity profile of the plate

iM(V2- V~) = V~21tp, foR [f(r)]2 r dr. (2.1)

Equation (2.1) postulates an instantaneous transition of a part of the initial kinetic energy
from the projectile to the plate. Furthermore, in the second stage of motion only the first
term in the exact solution is significant and the first eigenfunction can be approximated
by the velocity profile of the corresponding static problem. The equivalent static problem
is a concentrated force acting at the centre ofa clamped circular plate. The relevant velocity
profile associated with the static load-carrying capacity

Po = 41tMo
~ ~~

for the Mises-Huber yield condition is

f(r) 1-(r/R)2(1-210ge(r/R)] (2.3)

where Mo = (joh 2 is the fully plastic yield moment. Introducting equation (2.3) into
equation (2.1) we find the relation between initial mass velocity V and the central velocity
of the plate Vo

v2 _ V
2

o - (l +4/1O(3)' (2.4)

Thus the value of the permanent deflection of the plate within the introduced simplification
is expressed as,

where

and

161t 1
<p({3) = {3At 1+4/10{3

(2.5)

(2.6)

(2.7)



1084 TOMASZ WIERZBICKI and JAMES M. KELLY

The deflection W(r) is equal to the kinetic energy of the projectile multiplied by terms
depending on static load-carrying capacity Po, mass ratio [3, viscosity constant}' and
dimensionless plate radius r/R.

The first eigenvalue )-1, appearing in equation (2.6) is a solution of a transcendental
equation involving Bessel functions and goes to zero with [3 -> 00. An expansion of the
eigenvalue equation for large [3, taken to the fifth power yields

-4 16n( n)
1'1 = -lJ 1+ 6[3 .

Now the term responsible for the variation of W(r) with mass ratio is reduced to

1 1
<p([3) = 1+ n/6[3' 1+ 4/10[3'

(2.8)

(2.9)

For meaningful values of [3 i.e. for [3 > 1 the term <p([3) is equal approximately to unity.
If we multiply both sides of equation (2.5) by Po we can write the central deflection of the
plate W(O) = b in the form

Pob = iMV2 [2'1- 2'12 10ge(1 + 1/'1)]. (2.10)

Equation (2.10) gives the permanent deflection of the rigid-viscoplastic plate impacted
by heavy projectile for which {1 > 1 and the function <p({1) can be set equal to unity.

In the limiting case when}' -> 00 and consequently 17 -> 00 which corresponds to the
rigid-perfectly plastic behavior, the term in parenthesis is equal to unity, conversely for
}' = 0 the material is entirely rigid and the plate deflection is zero. The left hand side of
equation (2.10) is the dissipation of energy of the equivalent static problem for perfectly
plastic material. The right hand side of the same equation represents the kinetic energy
input diminished by the term responsible for viscous effects. The conclusion that the plate
response in the case of a projectile impact for large IJ is not significantly influenced by the
inertial characteristics of the plate will be essential for the derivation of the solution of a
similar problem at large deflection.

3. SOLUTION FOR LARGE DEFLECTION

Extensive investigations on quasi-static flow of rigid-perfectly plastic plates and shells
at large deflection have demonstrated that these structures may carry loads much higher
than the prediction based on purely bending theory for infinitesimal strains [1,2,9, 10).
It was found that appreciable membrane forces are developed at early stages of the deforma
tion process. For some structures such as clamped circular plates or cylindrical shells with
axial constraints the stress distribution approaches a membrane state for deflection of the
order of the thickness of the relevant structure [1,9]. Impact of projectiles on metal plates
may produce deflections of the order of several plate thicknesses. Therefore it is essential
to account for the changes in geometry and effects of membrane forces for a more realistic
assessment of the shape and permanent deflection of the plate. The necessity ofconsidering
this effect was pointed out by Florence [3], in experimental work concerning a circular
plate loaded by a uniformly distributed impulse of pressure.

An approximate method for the estimation of the central deflection of a viscoplastic
plate will now be presented. This method is based upon the solution detailed in the previous
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(3.1 )

Section. Consequently all assumptions concerning the bending solution for small deflections
will apply also to the present case and the same refers to the range of validity of the solution
to be found. This is true except for the hypothesis of proportional loading which in the case
when membrane forces come into play requires modification to be consistent with the
Love-Kirchhoff assumption concerning straight normals and plane sections and conditions
of axial symmetry. Now the stress trajectory in the four-dimensional space of bending
moments and membrane forces is no longer a straight line passing through the origin.
Proportional loading would demand straight line trajectories in two subspaces of bending
moments and membrane forces separately. The concept of proportional loading used in
Section 2 has merely served to linearize the non-linear problem and obtain an explicit
formula for the plate deflection. The analysis of this solution has led to the conclusion that
for large p the plate can be considered as being massless. However, this property is not a
consequence of the hypothesis concerning proportional loading but is rather a general
property of the mass-plate interaction.

If we extend now the above mentioned conclusion to the case of moderately large
deflections then by analogy with equation (2.10) the final plate deflection can be computed
from the equation.

S: P(o) do = iMV2 [217-17 2 loge(l + 1/17)].

As in the previous case the left hand side of equation (3.1) represents the dissipation of
energy of the equivalent static problem but for a variable force P(o). The load-carrying
capacity of the plate is no longer constant but is uniquely related to the plate deflection 0.
From both experimental investigations and theoretical considerations the following formula
is valid for clamped circular plates loaded by a point force

(3.2)

(3.3)

In fact Onat and Haythornthwaite [10] and Lepik [9] have derived solutions in which
the analytic form of the P = P(o) dependence was different for different ranges of the
deflection. For the sake of convenience one analytic expression is assumed here to be valid
throughout the whole deformation process. Formula (3.2) fits the experimental curves
presented in [10] for different ratios h/R. Based on these results the parameter (X was found
to be

Rlh I 10 20 40

----;-r 07 0-45 0-3

The advantage of using equation (3.2) stems also from the fact that static tests were per
formed using circular punches designed to approximate the point load. In experiments on
plates subjected to the impact of a mass the projectiles are also of finite radii the correlation
between the values observed experimentally and computed from equation (3.1) would be
considerably improved.

Substitution of equation (3.2) into equation (3.1) and integration yields the sought
expression for the permanent plate deflection in terms of the kinetic energy of the projectile
and strain rate characteristics of the plate material,

po[~+i(~rJ = ~MV2[217-2172 loge( 1+~)l
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4. NUMERICAL EXAMPLE

As an illustration of the solution obtained consider a plate made of C.R. Steel 1018,
characterized by the following mechanical parameters:

Yield stress in tension 0"0 = 7·9 x 104 1b/in2

Mass density p = 7·32 x 10- 4 1b sec2/in4.

Taking into account that

4nMo
Po=~,

equation (3.3) in the case y -+ 00 yields

fl = 2hp, (4.1 )

(4.2)V 2 [,,-/3 .~. (~) 2 f3J = ~+~(~) 3
4n 0"0 h h 3 h

Assume now f3 = 1 and R/h = 20. The corresponding value of the parameter IX is IX = 0·45.
Substituting these values into equation (4.2) we finally reach

V/10
3 = 0'116j[~+0'15(~)3J

where units of the projectile velocity V are in ft/sec.
The plot of the central plate deflection versus the projectile velocity for y -+ 00 is

presented in Fig. 1, full line. The broken line on the same figure denotes the purely bending
solution computed from formula (2.10). Consideration of the viscous term

21] - 21]2 loge(l + 1/1])

equation (3.3), diminishes the permanent plate deflection depending upon the choice of the
viscosity constant. This is shown on Fig. 1 for a few chosen values of the viscosity constant.

3/
h
t------,------,---r-...,....-----,

R / y;""
5 -- /h; 20 !-i-------j

0; 0·45 /

4 -- (J; I I Y;oo

I / Bending - Membrane ':------13- Bending Solution II' Solution --. 1000
2 --_1-7~--I~:=J 200

/ I I I 100

t=~:-~.a~0~§3'~=~E==E~,0~o V
o 0·1 0·2 0·3 04 ft/sec.10-

3

FIG. ). Permanent central deflection as a function of velocity for various values of viscosity constant.

For the strain rates encountered in a plate impact test the values of y for different mild
steels may be within the range between y = 200 sec- I and 1000 sec- t. An appreciable
deviation between the bending and bending-membrane solutions is observed for the
deflections in the range.
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5. CONCLUDING REMARKS
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Many of the experimental studies of the dynamic plastic behavior of plates have given
results which are quite different from the predictions of the rate independent bending
theory based on the Tresca yield condition. The Tresca yield condition is in a sense a
linearization of a more exact yield condition and the flow rule associated with the piecewise
linear yield condition requires velocity fields which have piecewise constant strain rate
vectors. Such velocity fields are clearly unrealistic but probably are not the cause of the
discrepancies between theory and experiment. The extent to which the experimental
deviations are the result of membrane forces or derive from strain rate effects is difficult
to estimate in the absence of a theoretical solution which incorporates both of these effects.
It was noted for example in [12] that the inclusion of rate effects, and the use of a Mises
Huber yield condition could provide correlation with experimental data which had prev
iously been thought to be only the result of membrane effects.

The experimental situation which corresponds to the solution presented here is com
paratively easily developed requiring only an accurate measurement of the projectile
velocity and the plate deflection. The physical constants involved in the theory which are
the static yield stress and viscoplastic constant y can be obtained by independent tests.
Thus the solution may be used to study the relative importance ofrate effects and membrane
forces in the plate behavior and to determine to what extent one or the other may be
neglected in the analysis of plates of various materials and dimensions. The result given for
the clamped plate can be extended with some increase in the algebraic complexity of the
solution to other support conditions.

It is to be expected that the rate effects would be of considerable importance in plates
of mild steel which is known to be extremely rate sensitive but some aluminum alloys
particularly 1060 are also susceptible to this influence.
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APPENDIX

A brief summary of the analysis on which the development of Section 2 is based is
given here.

The notation used is as follows: all quantities are assumed to be functions only of r,
the distance measured from the plate center, and of time, t. The surface tractions applied
to the plate are positive in the direction of positive transverse displacements of the middle
surface. The velocity of points of the middle surface is v. The transverse shear force is
denoted by Qand the radial and circumferential bending moments are M r and M", re
spectively, The plate radius is R, the thickness is 2 h, and the mass density per unit area of
the plate middle surface is fl. The equations of motion are

(rQ),r + rp = - WV,t

(rMr),r - M", = rQ,

(AI)

(A2)

and the kinematics of the deformation require that the rates of curvature K r and K", be
related to the velocity v through

K =r - v,rr' K =
'"

1
--Vr'

r '
(A3)

The stress strain rate relations of the plate material are expressed analytically as

(A4)

for iSijSij 2": k 2
, where Gij is the strain rate tensor and Sij the stress deviator. The quantities

k and yare material constants, k being the static yield stress in simple shear and l/y a
natural time. For a thin plate with axial symmetry the above constitutive relations in terms
of moments and curvature rates take the form

(A5)

where

The plate is assumed to be clamped at the outer edge and the radius of the impacting
mass to be negligible in comparison to R. As a result of these assumptions the boundary
conditions are

and

at r = R, 11 = 0, v = 0,r (A6)

at r = 0, lim v < 00,
r~O

lim 2nrQ = Mv I
r-+O ~t r=O

(A7)



Finite deflection of a circular viscoplastic plate subject to projectile impact

where M is the mass of the projectile and the initial conditions are
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at t 0 v = 0 for r =1= 0, v V for r = 0 (AS)

(AIO)

where V is the impacting velocity of the projectile.
The system of equations (AI) to (A5) is a complete one but due to the nonlinear form

of (A5) cannot be treated analytically unless the moment curvature relationships can be
linearized. This is achieved by a method which depends on assuming, in the nine dimen
sional space of the stress deviator, that the stress trajectory for any particle ofthe material is
a straight line. Thus the quantity Su/(tSkISkl'1 = const. and the stress strain relation becomes

I _
&ij = -(Sij-Sij~ (A9)

T

where Sij is the state of stress on the surface tS"ISkl = k2• The corresponding equations
relating moments and curvature rates are

B __
Kr = M

o
[(2Mr-Mq»-(2Mr-MIp»)'

B _ _
Kq> = M

o
[(2MIp-Mr)-(2Mq>-Mr»),

where Mrand M Ip are moments satisfying the initial yield condition

M;-MrMq>+M; = M~.

The equations of motion, kinematics and the reduced moment curvature relation
equations (10) taken together lead to the dimensionless equations

A4 .6,2 = ~+~ 8
LI. u+tXu. t = 0, 8r2 r 8r (All)

where

M
fJ = pR2 '

and the boundary condition (7) becomes

limo 21tp(.6,2U),p = -21t~3-tXfJu,tlp=o.
p'"

The solution of the above equation may be expressed as

00

u(p, t) = L Anl/lip) e-(),~/a)l_ fo(P),
n=1

where I/In(P) is the solution of the following equation

.6,4I/1n+).:1/14 = 0,

with

(AI2)

(A13)

(AI4)

lim I/In < 00,
p ...o

(AI5)
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and fo(p) satisfies

with
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(AJ6)

fo(1) = 0, fo,p(l) = 0, lim fo < 00,
p-O

(AI?)

(AI8)

The equation for the eigenvalues An is obtained from the boundary conditions (15) as

J0(An)/1(An) +J 1(An)/O()'n) - A~fJ{[ YO(An)+~KO(An)] [J 1(An) + II ()'n)]

- [YdAn)+~Kl(An)JcJo(An)-/o()'n)]} = 0,

and the resulting eigenfunctions l/Jn(P) are

l/Jn(P)

where

(AI9)

(A20)

The eigenfunctions l/Jn(P) are not orthogonal in the usual sense but can be considered
to be orthogonal with respect to the weight function

pel +fJb(p)]

where b(p), the Dirac delta function, is defined by

b(p) = ° for p # 0,

and

2nf pb(p) dp = 1.

We define

and

From the initial condition (8) we obtain

leading to

u(p t) = pV ~ .1, (p){_I_e-('\~la)r_(fo,ljJn)[I_e-('\~/altJ} (A21)
, BR2 n~1 "'n IIjJnl 2 IIjJnl 2 .
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(A23)

Deflection of the plate can be obtained through the time-wise integration of the latter
equation.

A good approximation to the solution can be obtained by using only the first term in
the expansion and by replacing t/f(p) by lo(p)/lo(O). The solution then takes the form

u(p, t) = Alow)e-(Atla1t
- low) (A22)

This is true except at the beginning of the motion. At the instant of impact the velocity
satisfies the initial condition (8) but immediately after there is a sudden transition from the
situation when only the center of the plate is moving with prescribed velocity, V, while the
remainder of the plate is at rest, to the state when the velocity field is given by the function
Vofo(p)/lo(O). At this time the velocity of the center of the plate is Vo less than V.

The possibility ofa sudden change in velocity is acceptable within the assumed model of
rigid viscoplastic material since the wave speed approaches infinity and the disturbance at
the plate center is instantaneously transmitted to arbitrary points of the plate.

We assume that the process takes place in such a short time that no loss ofenergy occurs,
thus conservation of energy allows the computation of the appropriate initial central
velocity. The energy balance equation is

!M(V2 - V5) = 2nR2 /1'vo s: Uo(p)/10(0)J2p dp

from which we obtain

V2

V2 ----
o - (1 +4/10/1)

From the initial condition u(O,O) = Vo/BR 2 we find

J3
A = uo+S .

the time tf at which the mass is brought to rest is given by

rx ( J3/8 )
tf = - ).t In uo+J3/8 '

and the resultant deflection, J, of the central point is given by

J _ rx J3 rx [ J3/8 J
R - AtUO-T At In uo+J3/8 .

In physical quantities the permanent deflection of the plate becomes

where

_ J3R
2BJ( 4)

'1- 8V 1+10/1'

(Received 15 December 1967; revised 18 March 1968)

(A24)

(A25)
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A6cTp8KT-fIpe,!l.CTaBJleH MeTO,!l. ,!I.Jlll onpe,!l.eneHlIll OCTaTO'lHOrO nporH6a nnaCTHHOK, nO,ll,BepJKeHHhJX

y,!l.apy CHapll,!l.OB, ,!I.BHJKYlUHXCll co CKOpOCTllMH ,!I.ocTaTo'lyo 60IlhWIIMH AIlll Toro, 'lTo6hl BhJ3BaTh nnaCT

H'leCKHe ,!I.e$opMllUlIH H KOHe'lHbJe nporH6bJ. fIO,!l.pa3YMIlBaeTCll, 'ITO MaTepllaJJ Y,!l.OBJleTBOplleT yCJIOBHIO

TeKy'lecTH MH3eca-ry6epa H aCCOUHpOBaHHOMy 3aKOHy Te'leHHll ,!I.JIll CTaTH'leCKHX ,!I.e<jlopMaUHll, H Be,!l.eT

ce6Jl KaK BJl3KOllJJaCTH'leCKHl{ MaTepllaJI ,!I.Illi ,!I.HHaMH'IeCKHX ,!I.e<jlopMaUIIl{, npH'leM ynpyme ,lle<jlopMaUHH

npeHe6peraeMO MaIlb!. MeTO,ll HIlJlIOCTpHpyeTcli Ha 3a,!l.a'le 0 3aweMneHHOH nllaCTHHKe, nO,llBepralOwel{cll

ueHTpaJIbHoMy y,!l.apy CHapll,llOM He6oJIbWOrO pa,llHyca. PaCCMaTpHBalOTCli COOTBeTCTBHe peweHHlI C

3KcnepHMeHTanbHbJMH peweHHIIMH AI1HaMH'IeCKOrO nllaCTH'leCKOrO nOBc,ueHHlI nllaCTHHOK.


